Abstract. We study the geometry of the tangent bundle equipped with a two-parameter family of Riemannian metrics. After deriving the expression of the Levi-Civita connection, we compute the Riemann curvature tensor and the sectional, Ricci and scalar curvatures. Specializing to the case of space forms, we characterise the metrics giving positive sectional curvature and show that one can always find parameters ensuring positive scalar curvature on the tangent space. Under some curvature conditions, this extends to general base manifolds.
Introduction
The tangent bundle T M of a manifold M can also be seen as a manifold in its own right and be equipped with a Riemannian metric, particularly if M itself is endowed with a metric , . The presence of a metric on the base manifold M allows a splitting of the tangent space T T M of T M into vertical and horizontal sub-bundles as follows [4] : given a point x ∈ M and e ∈ T x M the vertical space V e is ker(dπ e ), where π : T M → M is the canonical projection, while the horizontal space H e is the kernel of K e , where K e : T e T M → T x M is the connection map, defined by:
K e (A) = d(exp •R −e • τ )(A) with R −e (X) = X − e and τ is parallel transport along a geodesic. Therefore:
Moreover both H e and V e are isomorphic to T x M , so the existence of a Riemannian metric on M leads naturally to the construction of metrics on H e and V e , hence on T e T M . The simplest option is to faithfully reproduce on H e and V e the metric structure of T p M , i.e.:
h(A, B) = dπ(A), dπ(B) + KA, KB ∀A, B ∈ T e T M.
With respect to this metric, called the Sasaki metric [10] , H e and V e are orthogonal one to the other. This metric has been extensively studied and shown to be rather rigid, especially when it comes to the existence of harmonic maps from (M, , ) to (T M, h), as they must be parallel [9, 7] .
Efforts to introduce new metrics on T M , while preserving the natural conditions of orthogonality of H and V and keep π a Riemannian submersion, have led to the generalised Cheeger-Gromoll metrics: h p,q (A, B) = dπ(A), dπ(B) + ω p [ KA, KB + q KA, e KB, e ] , ∀A, B ∈ T e T M , where ω q = (1+q|e| 2 ) −1 (ω 1 = ω) and p, q ∈ R, q positive to ensure non-degeneracy. The original Cheeger-Gromoll metric corresponds to p = q = 1 ( [3] ) and the Sasaki metric to p = q = 0.
Though these metrics have been considered with the discovery of new harmonic maps/sections in mind (cf. [1, 2] ), their geometry has proved interesting enough on its own. Via standard methods, we determine the Levi-Civita connection and compute the Riemann curvature tensor and sectional, Ricci and scalar curvatures in general and deduce that in order for (T M, h p,q ) to be Einstein, (M, , ) has to have harmonic curvature. After deriving the curvature expressions when the base manifold has constant sectional curvature, we determine the values of (p, q) for which (T M, h p,q ) has positive sectional curvature and, to a lesser extent, positive scalar curvature. This paves the way for Theorem 3.6 which states that for any space form there exist parameters such that (T M, h p,q ) has positive scalar curvature. This extends to more general Riemannian manifolds under some curvature conditions. These results generalise works of Gudmundson and Kappos [5] and Sekizawa [11] . This approach proves particularly interesting in view of [2, Proposition 5.4], as it yields new examples of harmonic maps from a compact manifold into a manifold of positive sectional curvature.
2. The geometry of (T M, h p,q ).
Let (M n , , ) be a Riemannian manifold, the generalised Cheeger-Gromoll metric h p,q on T M can also be described in terms of horizontal and vertical lifts on T e T M :
where X, Y ∈ T x M . By standard properties of natural metrics on T M , i.e. metrics such that H and V are orthogonal and π is Riemannian submersion, and the Koszul formula, we compute the Levi-Civita connection of h p,q . The results are summarized as follows. 
for all X ∈ T e T M , Y ∈ C ∞ (T M ) and e ∈ T M , where U is the canonical vertical vector on T M . Lengthy but straightforward computations involving Proposition 2.1, Dombrowski's Lie bracket formula [4] and Gudmundsson-Kappos' expressions for covariant derivatives of the vertical and horizontal lifts of a bundle endomorphism [6] , determine the Riemann curvature tensor of (T M, h p,q ). Again we summarize the results.
, then the curvature tensor of (T M, h p,q ) is given by:
Notice that A, B and C are related by:
The main curvatures on a Riemannian manifold are the sectional and Ricci curvatures.
Proposition 2.3. Let (M, , ) be a Riemannian manifold with Riemann curvature tensor R and T M be its tangent bundle equipped with the generalized Cheeger-
Gromoll metric h p,q . Then, for each e ∈ T M , the sectional curvature K T M of (T M, h p,q ) satisfies the following:
for all orthonormal vector fields X and Y of T x M . The constants A and B are as in Proposition 2.2.
Proof. (1) Since
and by Proposition 2.2:
and
we obtain:
by Equation (5).
Proposition 2.4. Let (M, , ) be a Riemannian manifold with Riemann curvature tensor R and T M be its tangent bundle equipped with the generalized Cheeger-
Gromoll metric h p,q . Then, for each e ∈ T M , the Ricci curvature Ricci T M of (T M, h p,q ) satisfies:
for all vector fields X, Y ∈ C ∞ (T M ) and {e i } 1 i n an orthonormal basis of T x M . The constants K and L depend on A and B of Proposition 2.2:
Proof. We distinguish two cases.
First case: e = 0. Let {e 1 , ..., e n } be an orthonormal basis of T x M , then {e 
But, by Proposition 2.2:
For (10), we have:
So, we obtain Ricci
For (11), we have
Second case: e = 0. If {e 1 = e |e| , e 2 , ..., e n } is an orthonormal basis of T x M , then {e 
For (9), by definition of the Ricci curvature, we have:
R(e, e i )R(e, e i )X, Y .
For (10), we have
by Proposition 2.2 and the definition of h p,q , but (∇ ei R)(X, e i )e, e = 0, hence the result.
First, using Proposition 2.2 and the definition of h p,q , we have:
For the second term of Equation (12):
Hence:
So, the second term of Equation (12) becomes:
Denote K = ω q A|e| 2 + B(1 + (n − 2)(1 + q|e| 2 )) and use qB − A = −C(1 + q|e| 2 ), to obtain:
that implies:
and a straightforward calculation shows:
to conclude the proof. We conclude the section with the computation of the scalar curvature of (T M, h p,q ).
Proposition 2.6. Let (M, , ) be a Riemannian manifold and T M be its tangent bundle equipped with the generalized Cheeger-Gromoll metric h p,q . Then, for each
e ∈ T M , the scalar curvature s T M of (T M, h p,q ) is expressed in terms of the scalar curvature s of (M, , ) and its Riemann curvature tensor R as follows:
|R(e i , e j )e|
where A and B are as in Proposition 2.2.
Proof. For e = 0, let {e 
|R(e i , e j )e| 2 .
|R(e, e j )e i | 2 , hence:
c) 
For the second sum,
B because e i , e = 0 for i = 1. For the first sum e 1 , e 2 = |e| 2 implies:
Finally,
This finishes the proof.
Space forms
When the base manifold (M, , ) has constant sectional curvature, the expressions for the Ricci, sectional and scalar curvatures of (T M, h p,q ) simplify and their signs can be studied. 
where:
Proof. Sectional curvature: Since R(X, Y )e = c[ Y, e X − X, e Y ] we have, for X and Y orthonormal:
which yields (16). Similarly, R(e, Y )X = −c X, e Y implies (17).
, it is independent of the curvature of (M, , ). Scalar curvature: For an orthonormal basis {e i } i=1,...,n with e 1 = |R(e i , e j )e|
Ricci curvature: i) Under the hypothesis of constant sectional curvature c:
R(e, R(X, e i )e)e i = c 2 ((2 − n) X, e e − |e| 2 X) where the orthonormal basis {e i } i=1,...,n is such that e 1 = e/|e|.
R(e, e i )R(e, e i )X = c 2 [ e i , X ( e, e i e − e, e e i ) − X, e ( e i , e i e − e, e i e i )]
ii) Since ∇R = 0 for manifolds of constant sectional curvature Ricci
R(e i , R(e, X)e i )e = 2c 2 [|e| 2 X − X, e e]
In 
) is negative, so we will assume c 0. Moreover, when c = 0, we have 
2−p is positive if and only if p 0 (with equality exactly when p = 0).
When n 3 and p / ∈]0, 2[ (i.e. A 0) then: 
) cannot be positive. If p < 0, since P (t) takes its minimum (over R) at x 0 = p+2 2(p−1) , so, in conclusion, 
